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Abstract: The dynamic Impact Factor (IM) of a bridge is influenced by many factors, including Vehicle-Bridge 
Interaction (VBI), vehicle speed and road roughness. This paper represents the dynamic effects of moving vehicles 
and the determination of IM of an existing Pre-stressed concrete I-girder bridge utilizing VBI modeling. Evaluation 
of the IM is expected to provide valuable information for condition assessment and management of the existing 
bridge. The interaction problem between the vehicle and the bridge includes a dynamic model for the bridge 
structure subsystem, a dynamic model for the vehicle subsystem, interaction constraints, road roughness modelling 
and numerical solution techniques for the dynamic systems. The Half-car model is utilized for modelling of the 
vehicle dynamics and the bridge dynamic model is idealized according to Finite Element Method (FEM). Then 
FEM along with the mode superposition method are utilized for determining the Equation of Motion (EOM) for 
the bridge subsystem. D’Alembert’s principle is used for developing EOM for the vehicle subsystem. The 
interaction between vehicle vibration and bridge vibration is established through the contact forces between the 
wheels and the bridge by employing the compatibility relationship between the contact points and by applying the 
static equilibrium condition. Lastly, Newmark’s-β method is used for solving the coupled mathematical model of 
the vehicle and bridge interaction problem to determine the responses of the two sub-systems. The whole procedure 
is then performed for different vehicle speeds and various bridge deck surface roughness conditions to determine 
the dynamic impact on the existing I-girder bridge named Teesta Bridge located in Bangladesh.  
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In the last years, the ever-growing span length of bridges and the increase of vehicle loads and vehicle speeds 
have led to the consequent increase in dynamic influence on bridge structures [1]. The dynamic effects produced 
by vehicles passing over the bridge structures and viaducts result in the increase of dynamic forces and 
displacements over that of the static responses [2]. This phenomenon is known as Dynamic Impact on bridges 
which is generally considered as Impact Factor (IM) or Dynamic load allowance (DLA) in the bridge design 
standards. It is calculated as the percent difference between the maximum dynamic responses to the maximum 
static response. The dynamic impact on bridges depends on various factors such as the dynamic characteristics of 
bridges, the dynamic characteristics of vehicles, vehicle speeds, the road roughness conditions and, finally the 
Vehicle-Bridge Interactions (VBI). In earlier research for developing bridge design code, field or experimental test 
results were used to develop the empirical formulas of IM. However, consideration of all those influencing factors 
were not possible in the field test. Moreover, due to the limitation of theoretical and computational technologies, 
those effects were difficult to investigate in the past. Therefore, the dynamic impact due to traffic loads on the 
existing bridges which were designed with earlier bridge design standards are required to be investigated 
considering the vibration mechanism between the bridge and vehicles by incorporating all those complex factors.  
To assess the dynamic effect of traffic loads, the research on vehicle-bridge interaction phenomena has been 
performed for decades [3, 4]. Moreover, the research considering the dynamic responses of bridges are performed 
to assess the fatigue life of the bridges [5], environmental issues [6], safety and comfort of the passengers [7] and 
also for damage identification of bridges [8]. A lot of research has been performed for the study of vehicle-bridge 
interaction problems. Ayre et al. [9] and Ayre and Jacobsen [10] first studied the dynamic responses of two-span 
beam models under moving load. Vellozzi [11] presented the vibration of suspension bridges under the moving 
load. Frýba [12-13] considered the vehicle and the bridge as a coupled system and derived the analytic solutions 
when the beam subjected to moving loads. Henchi et al. [14] studied the dynamic response of a bridge-vehicle 
163
https://doi.org/10.32732/jcec.2021.10.3.163




interaction system and proposed an algorithm for the dynamic analysis of the coupled system. Yang [15] simplified 
the effect of the vehicle as two sets of concentrated forces and studied the dynamic responses of the bridge. Chen 
et al. [16] studied the effect of varying speed when the sprung-mass model is moving on a simply supported beam. 
Blejwas et al. [17] proposed a solution to solve the interaction problem using Lagrange’s equation with multipliers 
and constraint equation. Various methods of solving the vehicle bridge interaction problems have also been 
reported (Galdos et al. [18], Yang and Lin [19], Chu et al. [20], Yang and Duan [21]).  
Using the vehicle bridge interaction theory, the dynamic impact on bridges has also been studied as presented 
in the review paper by Deng et al. [22]. Deng and Cai [2, 23] studied dynamic impact factor for evaluating the 
performance of the bridges. Chen and Wu [24] researched the effect of wind and bridge length on bridge vehicle 
interaction. Cai et al. [25] studied the influence of approach span condition on slab-on-girder bridges. Li et al. [26] 
studied the dynamic response of a highway bridge subjected to moving vehicles and observed that the dynamic 
impact increases with vehicle speed and depends on road roughness conditions. Huang et al. [27] analyzed the 
impact of vehicles on multi-girder steel bridges with different span lengths. Deng et al. [3] found that the impact 
on continuous bridges is larger than those of simply supported bridges. Zhu and Law [28] also studied the 
continuous bridge and vehicle interaction to investigate the dynamic load effects. Mohseni et al. [29] conducted 
an extensive numerical study to evaluate the influence of some key parameters on the dynamic impact factors for 
skew composite concrete-steel slab-on-girder bridges and proposed that apart from AASHTO [30] bridge design 
specification, all the current design specifications for considering IM are un-conservative. Pieraccini et al. [31] 
performed an experimental study to assess the IM of a railway bridge using the interferometric radar sensor. Gao 
et al. [32] investigated numerically the dynamic load allowance characteristics of a concrete-filled steel tube 
(CFST) arch bridge and some conclusions are drawn for evaluating the condition of CFST arch bridges. 
 
 
Figure 1. Flow chart of the methodology 
 
As mentioned earlier, estimation of dynamic impact factor is a complicated task because of vehicle-bridge 
interaction mechanism associated with a large number of influencing parameters, including the dynamic 
characteristics of both the bridge and the vehicle, road surface condition, vehicle speed etc. Accurate evaluation 
of the impact factor utilizing the recent theoretical and computational development may lead to valuable 
information for condition evaluation and management of existing bridges which were designed following the 
earlier bridge design codes. In this paper, the dynamic behavior of an existing Pre-stressed concrete (PC) I-girder 
bridge structures under moving vehicle is investigated numerically considering all the complex factors mentioned 
above and finally the dynamic impact factor is determined. A medium span PC I-girder bridge which is a very 
common bridge type in Bangladesh is considered as a case study bridge which was designed with earlier bridge 
 
  
Step 1: Modelling of vehicle dynamics as Half-car model 
Step 5: Determination of the maximum dynamic force exerted on the bridge 
Step 4: Solution of the VBI system using Newmark-β method 
  
Step 2: Modelling of bridge dynamics as Finite Element Method 
Step 3: Vehicle- Bridge 
interaction (VBI) modelling 
Formulation of coupled mass, 
stiffness and damping matrices  
Pavement deck roughness 
modelling 
Step 6: Calculation of the bridge dynamic displacement at different locations 
Step 7: Comparison of the dynamic force and dynamic displacement response with 
the static one to determine IM 
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design standard without considering VBI. The bridge is named as Teesta Bridge which is situated in Rangpur 
district of Bangladesh. The paper is organized by the following main sections. Firstly, the dynamic behavior of 
vehicle and bridge, modelling and solution of the interaction between the bridge and the vehicle moving over it 
are presented considering the influence of different vehicle speeds and various extents of pavement roughness. 
Later, the dynamic impact factor is analyzed following the numerical investigation of the dynamic behavior of the 
bridge. The methodology of this study is shortly described with a flow chart as in Fig. 1.  
 
2. Vehicle modelling 
 
Modelling of a real vehicle is a very complex task. As a result, in literature, the Half-car model are frequently 
used for modelling vehicle dynamics as the model is much capable of representing various real vehicle experiences 
like effect of suspension, energy dissipation, pitching effect [33-36]. For this reason, in this study, a Half-car model 
is considered as the design vehicle as in Fig. 2. The vehicle model has four Degrees of Freedoms (DOFs). Among 
them, the body of the vehicle has two DOFs, vertical vehicle body displacement, 𝑦𝑦𝑠𝑠 and pitching rotation, 𝜃𝜃𝑠𝑠. The 
front and rear wheel have also a set of DOFs for vertical displacement, 𝑦𝑦𝑡𝑡1 and 𝑦𝑦𝑡𝑡2 respectively. Then, a set of 
kinetic equilibrium functions are formulated for each DOF according to Alembert’s principle. The formulation is 
based on the existing literature [34-36] as shown in Eqns. (1) to (4) respectively. 
 
 
Figure 2. Half-car vehicle model 
 
For vehicle body vibrations up and down:  
 
𝑚𝑚𝑠𝑠𝑦𝑦?̈?𝑠 + 𝑐𝑐𝑠𝑠1�𝑦𝑦?̇?𝑠 − 𝑦𝑦𝑡𝑡1̇ + ?̇?𝜃𝑎𝑎1� + 𝑐𝑐𝑠𝑠2�𝑦𝑦?̇?𝑠 − ?̇?𝑦𝑡𝑡2 − ?̇?𝜃𝑎𝑎2� + 𝑘𝑘𝑠𝑠1(𝑦𝑦𝑠𝑠 − 𝑦𝑦𝑡𝑡1 + 𝜃𝜃𝑎𝑎1) + 𝑘𝑘𝑠𝑠1(𝑦𝑦𝑠𝑠 − 𝑦𝑦𝑡𝑡2 − 𝜃𝜃𝑎𝑎2) = 0      (1) 
 
For vehicle body nodes vibration: 
 
𝐽𝐽?̈?𝜃 + 𝑘𝑘𝑠𝑠1𝑎𝑎1(𝑦𝑦𝑠𝑠 − 𝑦𝑦𝑡𝑡1 + 𝜃𝜃𝑎𝑎1) − 𝑘𝑘𝑠𝑠2𝑎𝑎2(𝑦𝑦𝑠𝑠 − 𝑦𝑦𝑡𝑡2 − 𝜃𝜃𝑎𝑎2) + 𝑐𝑐𝑠𝑠1𝑎𝑎1�?̇?𝑦𝑠𝑠 − ?̇?𝑦𝑡𝑡1 + ?̇?𝜃𝑎𝑎1� − 𝑐𝑐𝑠𝑠2𝑎𝑎2�?̇?𝑦𝑠𝑠 − ?̇?𝑦𝑡𝑡2 − ?̇?𝜃𝑎𝑎2� = 0   
                                                                                                                                                                              (2) 
 
For front axle vertical vibration: 
 
𝑚𝑚𝑡𝑡1?̈?𝑦𝑡𝑡1 − 𝑘𝑘𝑠𝑠1(𝑦𝑦𝑠𝑠 − 𝑦𝑦𝑡𝑡1 + 𝜃𝜃𝑎𝑎1) − 𝑐𝑐𝑠𝑠1�?̇?𝑦𝑠𝑠 − ?̇?𝑦𝑡𝑡1 + ?̇?𝜃𝑎𝑎1� + 𝑘𝑘𝑡𝑡1(𝑦𝑦𝑡𝑡1 − 𝑦𝑦𝑐𝑐1) = 0                                                 (3) 
 
For rear axle vertical vibration:  
 
𝑚𝑚𝑡𝑡2?̈?𝑦𝑡𝑡2 − 𝑘𝑘𝑠𝑠2(𝑦𝑦𝑠𝑠 − 𝑦𝑦𝑡𝑡1 + 𝜃𝜃𝑎𝑎2) − 𝑐𝑐𝑠𝑠2�?̇?𝑦𝑠𝑠 − ?̇?𝑦𝑡𝑡2 + ?̇?𝜃𝑎𝑎2� + 𝑘𝑘𝑡𝑡2(𝑦𝑦𝑡𝑡2 − 𝑦𝑦𝑐𝑐2) = 0                                                 (4) 
 
where, 𝑚𝑚𝑠𝑠 is the mass of the body and the frame of the vehicle; 𝑚𝑚𝑡𝑡1 and 𝑚𝑚𝑡𝑡2 are the mass of the axle between the 
front and rear wheel set and tires; 𝑘𝑘𝑠𝑠1, 𝑘𝑘𝑠𝑠2, 𝑐𝑐𝑠𝑠1, 𝑐𝑐𝑠𝑠2 are the suspension stiffness and suspension damping between 
wheel set and the body of the vehicle; 𝑘𝑘𝑡𝑡1, 𝑘𝑘𝑡𝑡2, are the stiffness of the front and rear tires respectively; 𝑎𝑎1, 𝑎𝑎2 are 
the distances from the center of gravity to the front wheel and rear wheel. 𝑦𝑦𝑐𝑐1, 𝑦𝑦𝑐𝑐2 are the vertical contact point 
displacements of the wheels on the bridge. Eqns. (1-4) are represented as matrix form as in Eq. (5). 
 
[𝑀𝑀𝑣𝑣]{?̈?𝑦𝑣𝑣(𝑡𝑡)} + [𝐶𝐶𝑣𝑣]{?̇?𝑦𝑣𝑣(𝑡𝑡)} + [𝐾𝐾𝑣𝑣]{𝑦𝑦𝑣𝑣(𝑡𝑡)} = {𝐹𝐹𝑣𝑣}                                                                                              (5) 
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where, [𝑀𝑀𝑣𝑣]is the mass matrix, [𝐶𝐶𝑣𝑣] is damping matrix, [𝐾𝐾𝑣𝑣] is the stiffness matrix, {𝑦𝑦𝑣𝑣(𝑡𝑡)} is the DOF vector, {𝐹𝐹𝑣𝑣} 
is the exciting force of the vehicle vibration. Here, 
 
[𝑀𝑀𝑣𝑣] = �
𝑚𝑚𝑠𝑠 0 0 0
0 𝐽𝐽 0 0
0 0 𝑚𝑚𝑡𝑡1 0
0 0 0 𝑚𝑚𝑡𝑡2
� 















𝑘𝑘𝑠𝑠1 + 𝑘𝑘𝑠𝑠2 𝑘𝑘𝑠𝑠1𝑎𝑎1 − 𝑘𝑘𝑠𝑠2𝑎𝑎2 −𝑘𝑘𝑠𝑠1 −𝑘𝑘𝑠𝑠2
𝑘𝑘𝑠𝑠1𝑎𝑎1 − 𝑘𝑘𝑠𝑠2𝑎𝑎2 𝑘𝑘𝑠𝑠1𝑎𝑎12 + 𝑘𝑘𝑠𝑠2𝑎𝑎22 −𝑘𝑘𝑠𝑠1𝑎𝑎1 𝑘𝑘𝑠𝑠2𝑎𝑎2
−𝑘𝑘𝑠𝑠1 −𝑘𝑘𝑠𝑠1𝑎𝑎1 𝑘𝑘𝑠𝑠1 + 𝑘𝑘𝑡𝑡1 0








𝑐𝑐𝑠𝑠1 + 𝑐𝑐𝑠𝑠2 𝑐𝑐𝑠𝑠1𝑎𝑎1 − 𝑐𝑐𝑠𝑠2𝑎𝑎2 −𝑐𝑐𝑠𝑠1 −𝑐𝑐𝑠𝑠2
𝑐𝑐𝑠𝑠1𝑎𝑎1 − 𝑐𝑐𝑠𝑠2𝑎𝑎2 𝑐𝑐𝑠𝑠1𝑎𝑎12 + 𝑐𝑐𝑠𝑠2𝑎𝑎22 −𝑐𝑐𝑠𝑠1𝑎𝑎1 𝑐𝑐𝑠𝑠2𝑎𝑎2
−𝑐𝑐𝑠𝑠1 −𝑐𝑐𝑠𝑠1𝑎𝑎1 𝑐𝑐𝑠𝑠1 0
−𝑐𝑐𝑠𝑠2 𝑐𝑐𝑠𝑠2𝑎𝑎2 0 𝑐𝑐𝑠𝑠2
� 
    
(9) 
 
3. Modelling of bridge 
 
The Teesta Bridge is located in the northern part of Bangladesh. It is situated in Rangpur District of Bangladesh 
on Rangpur-Kurigram Highway. The length and width of the bridge are 750 m and 12.11 m respectively. It is a 
two lane bridge and the bridge system consists of precast girders made composite with cast-in situ 200 mm thick 
reinforced concrete deck slab [37]. It is consists of 15 nos. of medium span (50 m) simply supported PC I-girder 
bridges. The bridge is modelled according to FEM as shown in Fig. 3 which consists of constant flexural rigidity, 
EI along the span, where, E is Young’s modulus, I is the moment of inertia of the bridge cross section, 𝑚𝑚 is the 
mass per unit length of span. The equation of motion (EOM) of the bridge is expressed in Eq. (10). 
 
[𝑀𝑀𝑏𝑏]{?̈?𝑦𝑏𝑏(𝑡𝑡)} + [𝐶𝐶𝑏𝑏]{?̇?𝑦𝑏𝑏(𝑡𝑡)} + [𝐾𝐾𝑏𝑏]{𝑦𝑦𝑏𝑏(𝑡𝑡)} = {𝐹𝐹𝑏𝑏(𝑥𝑥, 𝑡𝑡)}𝛿𝛿(𝑥𝑥 − 𝑣𝑣𝑡𝑡) (10) 
 
Where, [𝑀𝑀𝑏𝑏]is the mass matrix, [𝐶𝐶𝑏𝑏] is damping matrix, [𝐾𝐾𝑏𝑏] is the stiffness matrix of the bridge, 𝐹𝐹𝑏𝑏(𝑥𝑥, 𝑡𝑡) is the 
coupled forces on the bridge and {𝑦𝑦𝑏𝑏(𝑡𝑡)} is the vertical bridge displacement at nodal points at time t and 𝛿𝛿 is the 
function of Dirac.  
 
 
Figure 3. FE model of the bridge 
 
Nevertheless, the dynamic response of a structure is in fact, controlled mainly by some low order modes of 
vibration. Therefore, generally, a few lowest modes are often enough to obtain a satisfied result when the 
superposition method is used. Hence, the computational efficiency can be considerably increased. By taking N 
number of vibration modes, the DOF of the bridge will decrease to N, and the bridge displacement can be calculated 
as in Eq. (11) using N-order motion equations using method of mode superposition. 
 
𝑦𝑦𝑏𝑏(𝑥𝑥, 𝑡𝑡) = {?̈?𝑦𝑏𝑏(𝑡𝑡)} = �{𝜑𝜑𝑖𝑖}
N
𝑖𝑖=1
𝜂𝜂𝑖𝑖(𝑡𝑡) = [𝜑𝜑]{𝜂𝜂(𝑡𝑡)} (11) 
 
where, {𝜑𝜑𝑖𝑖} is the vibration mode shape of the bridge and 𝜂𝜂𝑖𝑖(𝑡𝑡) is modal co-ordinates. Replacing Eq. (11) into Eq. 
(10), the EOM of the bridge in modal co-ordinate is obtained as in Eq. (12). Multiplying both side of Eq. (12) 
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by {𝜑𝜑𝑛𝑛}𝑇𝑇 , Eq. (13) is obtained and after applying modal orthogonality principal ( {𝜑𝜑𝑛𝑛}𝑇𝑇[𝑀𝑀]{𝜑𝜑𝑖𝑖} =
0,  {𝜑𝜑𝑛𝑛}𝑇𝑇[𝑀𝑀]{𝜑𝜑𝑛𝑛} =  𝑀𝑀𝑛𝑛 ;  {𝜑𝜑𝑛𝑛}𝑇𝑇[𝐾𝐾]{𝜑𝜑𝑖𝑖} = 0, {𝜑𝜑𝑛𝑛}𝑇𝑇[𝐾𝐾]{𝜑𝜑𝑛𝑛} =  𝐾𝐾𝑛𝑛 ) [38], the N uncoupled second order 
differential equations in modal co-ordinates are obtained as in Eq. (14). 
 
[𝑀𝑀𝑏𝑏][𝜑𝜑]{?̈?𝜂(𝑡𝑡)} + [𝐶𝐶𝑏𝑏][𝜑𝜑]{?̇?𝜂(𝑡𝑡)} + [𝐾𝐾𝑏𝑏][𝜑𝜑]{𝜂𝜂(𝑡𝑡)} = −{𝐹𝐹𝑏𝑏(𝑥𝑥, 𝑡𝑡)}𝛿𝛿(𝑥𝑥 − 𝑣𝑣𝑡𝑡)                                                        (12) 
{𝜑𝜑𝑛𝑛}𝑇𝑇[𝑀𝑀𝑏𝑏][𝜑𝜑]{?̈?𝜂(𝑡𝑡)} + {𝜑𝜑𝑛𝑛}𝑇𝑇[𝐶𝐶𝑏𝑏][𝜑𝜑]{?̇?𝜂(𝑡𝑡)} + {𝜑𝜑𝑛𝑛}𝑇𝑇[𝐾𝐾𝑏𝑏][𝜑𝜑]{𝜂𝜂(𝑡𝑡)} = −{𝜑𝜑𝑛𝑛}𝑇𝑇{𝐹𝐹𝑏𝑏(𝑥𝑥, 𝑡𝑡)}𝛿𝛿(𝑥𝑥 − 𝑣𝑣𝑡𝑡)               (13) 
?̈?𝜂𝑛𝑛(𝑡𝑡) + 2𝜁𝜁𝑛𝑛𝜔𝜔𝑛𝑛?̇?𝜂𝑛𝑛(𝑡𝑡) + 𝜔𝜔𝑛𝑛2𝜂𝜂𝑛𝑛(𝑡𝑡) = −
1
𝑀𝑀𝑛𝑛
{𝜑𝜑𝑛𝑛}𝑇𝑇{𝐹𝐹𝑏𝑏(𝑥𝑥, 𝑡𝑡)}𝛿𝛿(𝑥𝑥 − 𝑣𝑣𝑡𝑡)  𝑛𝑛 = 1,2,3, … … … … … ,𝑁𝑁                          (14) 
  
where, 𝜔𝜔𝑛𝑛 = natural frequency of vibration mode; 𝑀𝑀𝑛𝑛, 𝜁𝜁𝑛𝑛   = modal mass, and modal damping ratio of nth mode 
respectively; if 𝑥𝑥 = 𝑣𝑣𝑡𝑡, 𝛿𝛿(𝑥𝑥 − 𝑣𝑣𝑡𝑡) = 1 else 0. 
The natural frequencies and vibration mode shapes of the bridge are determined by solving the Eigen-value 
problem of the bridge. Static condensation is applied for having reduced mass and stiffness matrix related to only 
translational DOF. The stiffness and mass matrices of the bridge are partitioned as in Eq. (15). Then, the reduced 
matrices are calculated as in Eq. (16). Where, 𝒌𝒌�𝒕𝒕𝒕𝒕  = reduced stiffness matrix and 𝒎𝒎� 𝒕𝒕𝒕𝒕  = reduced mass matrix 
corresponding only to the translational DOFs. The Eigen-value problem is formulated in Eq. (17) and the Eigen 
parameters (i.e., natural frequencies and mode shapes) of the bridge are calculated by using Eigen solution. 
 
[𝐾𝐾𝑏𝑏] =  �
𝑘𝑘𝑡𝑡𝑡𝑡 𝑘𝑘𝑜𝑜𝑡𝑡
𝑘𝑘𝑡𝑡𝑜𝑜 𝑘𝑘𝑜𝑜𝑜𝑜
� , [𝑀𝑀𝑏𝑏] =  �
𝑚𝑚𝑡𝑡𝑡𝑡 𝑚𝑚𝑜𝑜𝑡𝑡
𝑚𝑚𝑡𝑡𝑜𝑜 𝑚𝑚𝑜𝑜𝑜𝑜�                                                   (15) 
𝑘𝑘�𝑡𝑡𝑡𝑡 = 𝑘𝑘𝑡𝑡𝑡𝑡 − 𝑘𝑘𝑜𝑜𝑡𝑡𝑇𝑇 𝑘𝑘𝑜𝑜𝑜𝑜−1𝑘𝑘𝑜𝑜𝑡𝑡, 𝑚𝑚�𝑡𝑡𝑡𝑡 = 𝑚𝑚𝑡𝑡𝑡𝑡                                                                 (16) 
��𝑘𝑘�𝑡𝑡𝑡𝑡� − 𝜔𝜔𝑟𝑟2[𝑚𝑚�𝑡𝑡𝑡𝑡]� {𝜙𝜙𝑟𝑟} =  {0}                                                                         (17) 
 
4. Vehicle bridge interaction 
 
Now, two sets of differential equations have been developed as in Eq. (5) and (14). One of which is for the 
vehicle as in Eq. (5) and another set is for the bridge as in Eq. (14). For developing interaction between the vehicle 
and the bridge sub-systems, the compatibility conditions are applied at the contact points and the coupled equation 
of motions are formulated. The effect of pavement roughness is incorporated here as wheel displacement are the 
resultant of both pavement roughness and bridge displacement as in Eqns. (18-19) where the wheel vertical 
displacement, 𝑦𝑦𝑐𝑐1 and 𝑦𝑦𝑐𝑐2 are calculated. The forces on the bridge consist of the weight of vehicle and wheel body 
and the elastic forces as calculated in Eqns. (20-21). These forces result in the coupling between the bridge and 
vehicle vibration. The coupled vehicle bridge model is shown in Fig. 4. 
 
 
Figure 4. The model of coupled vehicle bridge vibration 
 
𝑦𝑦𝑐𝑐1 = 𝑦𝑦𝑏𝑏(𝑥𝑥1, 𝑡𝑡) + 𝑟𝑟(𝑥𝑥1) =  ∑ 𝜑𝜑𝑖𝑖(𝑥𝑥1)𝜂𝜂𝑖𝑖(𝑡𝑡) + 𝑟𝑟1𝑁𝑁𝑖𝑖=1   (18) 
𝑦𝑦𝑐𝑐2 = 𝑦𝑦𝑏𝑏(𝑥𝑥2, 𝑡𝑡) + 𝑟𝑟(𝑥𝑥2) =  ∑ 𝜑𝜑𝑖𝑖(𝑥𝑥2)𝜂𝜂𝑖𝑖(𝑡𝑡) + 𝑟𝑟2𝑁𝑁𝑖𝑖=1             (𝑥𝑥2 = 𝑥𝑥1 − 𝑎𝑎) (19) 
𝐹𝐹1(𝑥𝑥1, 𝑡𝑡) = 𝑊𝑊1 − 𝐾𝐾𝑡𝑡1(𝑦𝑦𝑡𝑡1 − 𝑦𝑦𝑐𝑐1)      (20) 
𝐹𝐹2(𝑥𝑥2, 𝑡𝑡) = 𝑊𝑊2 − 𝐾𝐾𝑡𝑡2(𝑦𝑦𝑡𝑡2 − 𝑦𝑦𝑐𝑐2)      (21) 
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where,  𝑦𝑦𝑐𝑐1 and 𝑦𝑦𝑐𝑐2 are the displacements of the front and rear wheels respectively; 𝑟𝑟1and 𝑟𝑟2 are the roughness at 
the front and rear wheel contact points respectively. 𝐹𝐹1(𝑥𝑥1, 𝑡𝑡) and 𝐹𝐹2(𝑥𝑥2, 𝑡𝑡) are the point forces at the wheel contact 
points; 𝑊𝑊 is the static load which comprises of sprung weight and un-sprung weight. 
Now according to compatibility conditions, the coupling is done within matrix format using equations (1), (2), 
(3), (4) and (12). Replacing 𝐹𝐹𝑖𝑖(𝑥𝑥, 𝑡𝑡) from Eqns. (20-21) in Eq. (14), Eq. (26) is obtained. Eqns. (22-26) are 
converted to a matrix representation as in Eq. (27) which is the coupled matrix formulation of both the vehicle and 
the bridge subsystems interacting together. 
 
𝑚𝑚𝑠𝑠𝑦𝑦?̈?𝑠 + 𝑐𝑐𝑠𝑠1�𝑦𝑦?̇?𝑠 − 𝑦𝑦𝑡𝑡1̇ + ?̇?𝜃𝑎𝑎1� + 𝑐𝑐𝑠𝑠2�𝑦𝑦?̇?𝑠 − ?̇?𝑦𝑡𝑡2 − ?̇?𝜃𝑎𝑎2� + 𝑘𝑘𝑠𝑠1(𝑦𝑦𝑠𝑠 − 𝑦𝑦𝑡𝑡1 + 𝜃𝜃𝑎𝑎1) + 𝑘𝑘𝑠𝑠1(𝑦𝑦𝑠𝑠 − 𝑦𝑦𝑡𝑡2 − 𝜃𝜃𝑎𝑎2) = 0   
(22) 
𝐽𝐽?̈?𝜃 + 𝑘𝑘𝑠𝑠1𝑎𝑎1(𝑦𝑦𝑠𝑠 − 𝑦𝑦𝑡𝑡1 + 𝜃𝜃𝑎𝑎1) − 𝑘𝑘𝑠𝑠2𝑎𝑎2(𝑦𝑦𝑠𝑠 − 𝑦𝑦𝑡𝑡2 − 𝜃𝜃𝑎𝑎2) + 𝑐𝑐𝑠𝑠1𝑎𝑎1�?̇?𝑦𝑠𝑠 − ?̇?𝑦𝑡𝑡1 + ?̇?𝜃𝑎𝑎1� − 𝑐𝑐𝑠𝑠2𝑎𝑎2�?̇?𝑦𝑠𝑠 − ?̇?𝑦𝑡𝑡2 − ?̇?𝜃𝑎𝑎2� = 0                             
                                                                                                                                                                              (23) 
𝑚𝑚𝑡𝑡1?̈?𝑦𝑡𝑡1 − 𝑘𝑘𝑠𝑠1(𝑦𝑦𝑠𝑠 − 𝑦𝑦𝑡𝑡1 + 𝜃𝜃𝑎𝑎1) − 𝑐𝑐𝑠𝑠1�?̇?𝑦𝑠𝑠 − ?̇?𝑦𝑡𝑡1 + ?̇?𝜃𝑎𝑎1� + 𝑘𝑘𝑡𝑡1(𝑦𝑦𝑡𝑡1 − 𝑦𝑦𝑐𝑐1𝛿𝛿1) = 0                                              (24) 






𝐽𝐽?̈?𝜃 + 𝜑𝜑1𝑛𝑛𝛿𝛿1𝑚𝑚𝑡𝑡1?̈?𝑦𝑡𝑡1 + 𝜑𝜑2𝑛𝑛𝛿𝛿2𝑚𝑚𝑡𝑡2?̈?𝑦𝑡𝑡2 + ?̈?𝜂𝑛𝑛 + 2𝜁𝜁𝑛𝑛𝜔𝜔𝑛𝑛?̇?𝜂𝑛𝑛 + 𝜔𝜔𝑛𝑛2𝜂𝜂𝑛𝑛 =
−( 𝜑𝜑1𝑛𝑛𝑊𝑊1𝛿𝛿1 + 𝜑𝜑2𝑛𝑛𝑊𝑊2𝛿𝛿2 )                                  (26) 
[𝑀𝑀(𝑡𝑡)]�?̈?𝑌� + [𝐶𝐶(𝑡𝑡)]�?̇?𝑌� + [𝐾𝐾(𝑡𝑡)]{𝑌𝑌} = {𝑄𝑄(𝑡𝑡)}                                                                                               (27) 
 
Here, [𝑀𝑀(𝑡𝑡)] , [𝐶𝐶(𝑡𝑡)]  and [𝐾𝐾(𝑡𝑡)]  are (n+4) orders coupled time dependent mass, damping and stiffness 
matrices; {𝑄𝑄(𝑡𝑡)} is (n+4) order force vector as shown in Eq. (28) and {𝑌𝑌} is (n+4) order displacement vector 
consisting of modal response of bridge combined with vehicle response as shown in Eq. (29). By solving Eq. (27), 














−( 𝜑𝜑11𝑊𝑊1𝛿𝛿1 + 𝜑𝜑21𝑊𝑊2𝛿𝛿2 )
−( 𝜑𝜑12𝑊𝑊1𝛿𝛿1 + 𝜑𝜑22𝑊𝑊2𝛿𝛿2 )
⋮






































5. Bridge deck surface roughness modelling 
 
The wheels of the vehicle are presumed to remain in contact with the bridge deck. Therefore, the displacement 
of the wheels remain equal to that of the bridge deck at the contact points. The deck surface roughness plays a vital 
role in stimulating vehicle vibrations which is simulated theoretically. Artificial surface roughness of Class A-B 
profile according to ISO 8608 classification [39-40] is generated using Eq. (30). 
 
𝑟𝑟(𝑥𝑥) =  �√∆𝑛𝑛. 2𝑘𝑘 . 10−3. �
𝑛𝑛0
𝑖𝑖.∆𝑛𝑛









Where, L is the length of the road profile and B is the sampling interval; 𝑥𝑥 is the abscissa variable from 0 to L; 
∆𝑛𝑛 = 1/𝐿𝐿; 𝑛𝑛𝑚𝑚𝑎𝑎𝑚𝑚 = 1/𝐵𝐵; 𝑁𝑁 = 𝑛𝑛𝑚𝑚𝑎𝑎𝑚𝑚/∆𝑛𝑛 = 𝐿𝐿/𝐵𝐵; 𝑘𝑘 is a constant value which depends on ISO road roughness 
classification and varies from 3 to 9, corresponding to the road roughness profiles from class A to class H. Also, 
𝑛𝑛0 = 0.1 cycles/m; 𝜑𝜑𝑖𝑖 is the random phase angle following a uniform probabilistic distribution within 0 to 2π. 
 
6. Determination of dynamic impact factor of the bridge 
 
The equations representing the VBI system are the differential equation set with time-varying coefficients. 
Numerical analysis is performed here to solve the coupled system. Newmark’s β method is used for solving 
numerically the coupled formulation as in Eq. (27) resulting from the differential equations of bridge and vehicle 
subsystems. This numerical method breaks the time into different number of steps with an increment of ∆t. ∆t 
represents the time required for the vehicle to traverse one bridge element (∆L) with a vehicle speed (v), where, 
∆𝑡𝑡 = ∆𝐿𝐿/𝑣𝑣 . In this section, the vehicle induced bridge dynamic responses are analyzed and the dynamic impact 
factor of the existing I-girder bridge (Teesta Bridge) is determined. The influence of vehicle speed and bridge deck 
surface roughness are also investigated. The vehicle wheel and the vehicle body will be studied in terms of 
acceleration and displacement.  
 
6.1 Vehicle and bridge dynamic parameters  
The dynamic parameters of the Half-car vehicle model are provided in Table 1 following the references [8, 41]. 
The vehicle model is based on the H20-44 truck design loadings included in the American Association of State 
Highway and Transportation Officials (AASHTO) specifications [42]. 
 
Table 1. Vehicle dynamic parameters 
Element Notation Value 
Stiffnesses (N/m)   
Front wheel kt1 1570000 
Rear wheel kt2 3140000 
Front suspension ks1 232000 
Rear suspension ks2 746000 
Damping (N-s/m)   
Front suspension cs1 50000 
Rear suspension cs2 70000 
Masses (kg)   
Front axle mt1 600 
Rear axle mt2 1000 
Body ms 17000 
Rotary Inertia (kg-m2)    J 90000 
Vehicle speed (km/h)    V 40, 60, 80, 100 
Distances from C.G.(m)   
From front wheel 𝑎𝑎1 3.8 
From rear wheel 𝑎𝑎2 1.5 
 
Teesta Bridge is a simply supported PC I-girder bridge and consists of five girders with 200 mm thick deck 
slab. Each span of the bridge is 50 m. A single lane of the bridge subjected to one vehicle is considered for the 
finite element modelling. The flexural rigidity (EI) and mass of the bridge girder is calculated as 6.96×1010 Nm2 
and 6818.5 kg/m respectively. 5% modal damping is assumed for the bridge for all the modes. It is to be mentioned 
that the allowable maximum vehicle speed is 60 km/hr for this bridge. 
 
6.2 Dynamic impact on bridge for front wheel  
 Using the parameters of vehicle and bridge, the coupled vehicle-bridge interaction problem as in Eq. (27) is 
solved and the contact point forces are calculated using Eqns. (20-21). Four vehicle speeds are considered such as 
40 km/hr, 60 km/hr, 80 km/hr and 100 km/hr.  
In this section, a detail description of IM for the first contact point is provided. This study also describes the 
amplification of the contact point forces on the bridge due to VBI with respect to static vehicle loading. The front 
wheel contact point force of the vehicle passing the bridge at different speeds are typically shown in Fig. 5. It gives 
the insight of actual point force on the bridge in a vehicle bridge interaction system. The static point force of front 
wheel at the first contact point on the bridge is (𝑚𝑚𝑠𝑠
𝑎𝑎
× 𝑎𝑎2 + 𝑚𝑚𝑡𝑡1) × 𝑔𝑔 or 5.30×104 N. Fig. 5 shows that the dynamic 
contact point force varies on the bridge profile due to VBI which is significantly higher than static contact point 
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force. The difference between the static point force and the maximum dynamic point force is calculated in Table 
2 which varies from 22.5% to 47.2% for different vehicle speeds. It also shows that maximum dynamic force 




Figure 5. Front wheel contact point forces at different vehicle speeds along the bridge span 
Table 2. Front wheel contact point forces  
Vehicle speed 
 (kmh-1) 
Static Point Force 
(N) 





















Figure 6. Bridge dynamic displacement at front wheel contact point considering VBI 
 
Now, the vehicle induced dynamic displacement of the bridge is calculated for different vehicular velocities. 
Fig. 6 displays the vertical displacement (yb) of bridge at different contact point of the wheel on the bridge 
considering vehicle bridge interaction obtained from Eq. (27). It also shows the vertical displacement responses 
of the bridge with the change of vehicle speeds. At lower vehicle speed, due to comparatively lower dynamic 
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influence, the bridge vertical displacement is less while with the increase of speed, the displacement increases. A 
finite element software package, SAP2000 [43] is used to obtain the bridge static displacement response at wheel 
contact points using the built-in moving load analysis program of the software to compare with the dynamic 
displacement as calculated following the VBI formulation considered in this study. Fig. 7(a) shows the moving 
static wheel loads on the bridge and Fig. 7(b) represents the maximum vertical displacement envelope of the bridge 
due to moving static vehicle loads. From Fig. 7(b), the maximum static displacement is calculated which is 
tabulated in Table 3. 
At this point, the dynamic displacement considering VBI and maximum static displacement of the bridge for 
the given vehicle are available, the dynamic impact factor (IM) for front wheel contact point of the Teesta Bridge 
is calculated in Table 3. The bridge was built according to AASHTO 2005 [44] bridge standard, where dynamic 
impact factor was calculated as per Eq. (31), where, L is the length of the bridge in feet, which result in the IM 
value of 0.176 or 17.6%. However, from Table 3, it is evident that the considerations of bridge deck roughness 









Figure 7. Bridge static displacement due to moving vehicle load  


























6.3 Dynamic impact with and without considering VBI 
Usually, most of the common finite element software do not consider Vehicle-Bridge Interaction while 
calculating the dynamic vertical displacement of bridge subjected to moving vehicle load calculated using dynamic 
time history analysis procedure. In this section, the dynamic impact is compared with and without considering 
VBI. To determine the dynamic impact without considering VBI, the bridge is modeled using SAP2000 FE 
software as in Fig. 7(a) and the dynamic time history analysis is performed under moving vehicle load. Fig. 8 
displays the comparison between the dynamic displacement response of the bridge with and without considering 
the VBI for a particular vehicle speed of 80 Kmh-1, where vertical displacement of the bridge is plotted against the 
first wheel contact point location of vehicle on the bridge. It is evident from Fig. 8 that, there is significant rise in 
bridge displacement if VBI is considered. Table 4 shows the difference in IM between the two cases. 
 
Table 4. Bridge dynamic deflection with and without consideration of VBI 
Type of Analysis 
 











































Figure 8. Vertical dynamic displacement of bridge with and without considering VBI 
 
6.4 Dynamic impact on bridge for rear wheel 
Similar to the front wheel, the contact point force for the rear wheel also varies throughout the bridge length 
due to VBI. The static point force for rear wheel at the second contact point on the bridge is (𝑚𝑚𝑠𝑠
𝑎𝑎
× 𝑎𝑎1 + 𝑚𝑚𝑡𝑡2) × 𝑔𝑔 
or 1.29×105 N.  Fig. 9 shows that the contact point force on the bridge for different vehicle speeds while the rear 
wheel passes the bridge is neither constant nor equal to the static force. The maximum dynamic force is determined 





Figure 9. Contact point force of rear wheel along the bridge span 
 
Table 5. Rear wheel contact point forces 
Vehicle Speed 
 (kmh-1) 
Static Point Force 
(N) 





















The dynamic displacement of the bridge at rear wheel contact point is shown in Fig. 10 for the different vehicle 
speeds considered in this study. The displacement is much more than the front wheel contact point as higher value 
of dynamic force is observed on the rear wheel contact point. The displacement curve is not smooth as well due to 
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variation of dynamic forces over the bridge. Dynamic impact with respect to the static displacement of bridge, is 
also determined for this case in Table 6. It is understood that dynamic impact of the rear wheel contact point 
follows the same trend as front wheel contact location with the higher magnitude than previous one as the static 
force on rear wheel contact point is higher than that of the front wheel. 
 
 
Figure 10. Bridge dynamic displacement at rear wheel contact point 
 


























6.5 Dynamic impact for different pavement deck surface roughness 
For calculation of the dynamic magnification of a bridge, deck surface roughness plays a vital role. Surface 
characterstics of the deck pavement has influence on the VBI system by increasing the force on the bridge and 
thereby influencing the dynamic displacement of the bridge. Higher pavement surface roughness will eventually 
result in increasing the contact force on the bridge which will result in large vertical displacement of the bridge. 
Four surface roughness conditions are considered as Class A-B, Class B-C, Class C-D and Class D-E. Next, all 
the calculations are performed similarly as described in the previous sections and finally the dynamic contact point 
forces and vertical dynamic displacements of the bridge for each roughness cases are determined. Table 7 shows 
the percent increase in wheel contact forces over static one for various deck surface roughness conditions for a 
typical vehicle speed of 80 km/h. Fig. 11 shows the bridge contact point dynamic displacement for different 
roughness conditions. It is observed that the bridge vertical dynamic displacement is comparatively higher for the 
higher surface roughness condition. The dynamic impact for different roughness conditions are also calculated in 
Table 8. 
 
Table 7. Dynamic contact point force for different surface roughness 
Surface  
Roughness  
Maximum Dynamic  
Point Force (N) 
Percent  
Increase (%) 
Class A-B 7.18×104 35.2 
Class B-C 8.60×104 62.0 
Class C-D 1.11×105 109.1 
Class D-E 1.76×105 231.5 
 
Table 8. Dynamic impact for different bridge deck surface roughness  
Surface  
Roughness  




Class A-B 0.0080 31.2 
Class B-C 0.0088 44.3 
Class C-D 0.0102 67.2 
Class D-E 0.0129 111.8 
Second contact point location  (m)






























Figure 11. Bridge dynamic displacement under wheel contact point for different surface roughness  
 
7. Conclusions  
 
Pre-stressed Concrete (PC) I-girder bridges are widely used for highways; the dynamic impact factors (IM) of 
these bridges vary within a wide range. This paper examines the dynamic impact factor of a 50 m span existing 
PC I-girder Bridge named as Teesta Bridge situated in Bangladesh considering the effect of vehicle bridge 
interaction phenomenon. The influences of the vehicle travelling speed and bridge deck surface roughness on the 
impact factor are also investigated. For vehicle bridge interaction modelling, the Half-car vehicle dynamic model 
is utilized and for the bridge, a discretized finite element model is developed. The coupling between the two 
subsystems is performed based on compatibility condition at the contact point of the wheel and the bridge which 
results in a time dependent complex mathematical formulation of the combined system. Newmark-β method, is 
utilized to solve the coupled formulation to obtain the bridge and the vehicle responses. The conclusions of this 
study can be drawn as follows:  
a) The contact point forces of wheels on the bridge increase significantly due to dynamic effect than that of 
static wheel loads.  
b) The dynamic displacement and IM of the bridge increase with the increase of vehicle speed. 
c) The bridge was designed for an impact factor of 17.6%. However, in this study, it is observed that with due 
consideration of vehicle bridge interaction and pavement surface roughness, the dynamic impact exceeds the 
designed value for all the vehicle speeds considered. 
d) For the allowable speed limit of 60 km/hr for the bridge, the IM is found in the range of 26% to 28% for front 
and rear wheel contact points. For higher value of vehicle speed, the impact factor keeps rising and for a speed of 
100 kmh-1, it becomes more than 40%. 
e) The IM for the rear wheel contact is higher than that of front wheel, which infers that with increment in 
loading the IM also increases. 
f) Deck surface roughness also affects the dynamic behavior of the bridge significantly. The impact factor 
increases with the increase of roughness. Therefore, the deck surface roughness should be kept in good condition 
to avoid the increase in IM value. 
A future work is required to be performed on the implementation of this method in the field experiment to 
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